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It is shown that the Bruhat partial order on permutations is equivalent to a certain natural
partial order induced by TP2 matrices and that a positive matrix is TP2 if (and only if) it
satisfies certain inequalities induced by Bruhat order.
© 2010 Elsevier B.V. All rights reserved.
The Bruhat partial order (defined below) on permutations arises in a variety of ways (e.g. via Coxeter groups [2] and
the transitivity of simple majority voting [1]) and is much studied; but some effort is required to check whether two
given permutations are comparable in Bruhat order. (Lemma 1 provides one way.) Our purpose here is twofold (the two
parts justifying the title): Theorem 1 shows that a certain natural partial order, induced by TP2 matrices on permutations,
is equivalent to the Bruhat partial order. Theorem 2 indicates that the positive (entrywise) matrices satisfying certain
inequalities given by Bruhat order are exactly the TP2 matrices.
Consider the symmetric group Sn and let pi ∈ Sn. A transposition of i and jwhen i < j and pi(i) < pi(j) is called an upward
transposition on pi . The result is a new permutation pi ′, in which pi(i) lies in the position j and pi(j) lies in the position i of pi .
Suppose pi 6= σ ∈ Sn. If pi can be obtained from σ by a sequence of upward transpositions, then σ is said to be less than
pi in the Bruhat partial order. We denote this by σ <Br pi .
For a positive integer i, let [i] = {1, 2, . . . , i}. Let Mpi = [mij] ∈ Mn denote the permutation matrix of the permutation
pi ∈ Sn, that is,
mij =
{
1, if j = pi(i)
0, otherwise
and letMpi [p, q] be the number of ones in the submatrix ofMpi lying in the rows 1, 2, . . . , p and columns 1, 2, . . . , q.
Perhaps the simplest test for Bruhat order is the following (see [2]):
Lemma 1. For two permutations σ 6= pi ∈ Sn, σ <Br pi if and only if Mσ [i, j] ≥ Mpi [i, j] for all i, j ∈ {1, 2, . . . , n}.
Amatrix A ∈ Mn(R) is called TP2 (TN2) if all of its minors of size atmost 2 are positive (nonnegative); see, for example [3],
as well as [4], for more about TP2 matrices. It is known that positivity of the contiguous 2-by-2 minors alone implies that a
positive matrix is TP2 [4]. The matrix Kpq = [kij] ∈ Mn with
kij =
{
2, if (i, j) ∈ [p] × [q]
1, otherwise
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is an example of a TN2 matrix, since every minor of size at most 2 is in the set {0, 1, 2}. Given a matrix A ∈ Mn and a
permutation pi ∈ Sn, let Api = Πni=1aipi(i).
Definition 1. If pi, σ ∈ Sn are such that
Api < Aσ
for all n-by-nTP2 matrices A, then pi is less than σ in the TP2 partial order. We denote this as pi <TP2 σ .
Our first result is the following.
Theorem 1. For pi, σ ∈ Sn, pi 6= σ , we have σ <Br pi if and only if pi <TP2 σ .
Proof. For the forward implication, it suffices to consider the effect upon Aσ of a single upward transposition applied to σ .
Suppose that pi is obtained from σ via the upward transposition of i and j, with i < j and σ(i) < σ(j). Of course, σ <Br pi .
Now, considerA = (aij) ∈ TP2. Since theminor lying in the rows i, j and columnsσ(i), σ (j) is positive, aiσ(i)ajσ(j) > aiσ(j)ajσ(i),
this implies that Aσ > Api .
For the converse, suppose σ 6<Br pi . Using Lemma 1, there exist numbers p, q ∈ {1, 2, . . . , n} such that Mσ [p, q] <
Mpi [p, q]. This means that in the matrix Kpq we have 2Mσ [p,q] = Πnl=1klσ(l) < Πnl=1klpi(l) = 2Mpi [p,q]. Given  > 0, we may
choose a nonnegative n× nmatrix E = [ij]with entries satisfying ij < , 1 ≤ i, j ≤ n− 1, and ij = 0 for i or j = n, such
that the matrix Kpq + E is TP2. (Choose ij, starting with i = n − 1, j = n − 1 and proceeding right to left and bottom to
top, sufficiently small to make each contiguous 2-by-2 minor positive.) Since  may be chosen to be arbitrarily small, there
exists a TP2 matrix B = (bij) of the form Kpq + E that satisfiesΠnl=1blσ(l) < Πnl=1blpi(l). Therefore, pi 6<TP2 σ . 
The second sense in which TP2 and Bruhat are closely linked is the following.
Theorem 2. A matrix A > 0 is TP2 if and only if Api < Aσ whenever σ <Br pi .
Proof. Suppose A is TP2 and σ <Br pi . By Theorem 1, pi <TP2 σ which implies Api < Aσ . For the converse, consider a matrix
A > 0 satisfying the assumption. It is enough to show that every 2-by-2 contiguousminor is positive. Consider the contiguous
minor composed of the entries (i, j), (i, j + 1), (i + 1, j), and (i + 1, j + 1) for (i, j) ∈ [n − 1] × [n − 1]. Let σ ∈ Sn with
σ(i) = j and σ(i + 1) = j + 1 and let pi ∈ Sn with pi(i) = j + 1 and pi(i + 1) = j and σ(`) = pi(`) for ` 6= i, i + 1. Then,
σ <Br pi which, by assumption, implies that Api < Aσ , or, equivalently, that aijai+1,j+1 > ai,j+1ai+1,j. Since this is true for
every 2-by-2 contiguous minor of A, the matrix A is TP2. 
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